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Abstract 

One area of graph theory that has been studied in great detail is dominance in graphs. Applications for dominating sets are 

numerous. In wireless networking, dominant sets are used to find effective paths inside ad hoc mobile networks. They have also 

been used in the creation of document summaries and safe electrical grid systems. A set S⊆V is said to be dominating set of G if 

for every v є V-S there exists a vertex u є S such that uv є E. The dominance number of G, represented by γ(G), is the lowest 

cardinality of vertices among the dominating set of G. A classic NP-complete decision problem in computational complexity 

theory determines whether, given a graph G and input K, γ(G) ≤ K. This is known as the dominating set issue. Consequently, it is 

thought that calculating γ(G) for each given graph G may not be possible to do with a feasible algorithm. In addition to efficient 

approximation tactics, there exist efficient exact techniques for various graph classes. If there are no neighboring vertices in a 

subset S, then S⊆V is an independent set. Additionally, the empty set and the subset with just one vertex are independent. An 

independent dominating set of G is a set S of vertices in a graph G that is both an independent and a dominating set of G. This 

paper's primary goal is to investigate the dominance and independent dominating set of many graphs, including the line graph, 

the alternate triangular belt graph, the bistar graph, the triangular snake graph, and others. 
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1. Introduction 

All graphs considered here are simple, finite, nontrivial, 

undirected and connected. The problem of counting the 

number of independent sets in a graph is NP-complete (see for 

instance Roth [1]). However, for certain types of graphs, the 

problem of determining their number of independent subsets 

is polynomial. 

Many applications of domination theory in wireless com-

munication networks [2]. Also dominating sets play an im-
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portant role in much practical application, for example in the 

context of distributed computing or mobile ad-hoc networks 

[3]. An independent dominating set of G is a set that is both 

dominating and independent in G. The independent domina-

tion number of G, denoted by i(G), is the minimum cardinality 

of an independent dominating set. The independence number 

of G, denoted by α(G), is the maximum cardinality of an 

independent set in G. In particular, 

𝛾(𝐺) ≤ 𝑖(𝐺) ≤ 𝛼(𝐺). 

An independent dominating set of G of cardinality i(G) is 

called an i(G)-set. The concept of independent domination 

originated in chessboard problems, and elementary properties 

were provided by Berge [4], while the parameter was defined 

by Hedetniemi et al. [5, 6]. 

Haviland (2008a) investigated the maximum value of i(G) 

when G is triangle-free. Let M(n,δ) denote this maximum as a 

function of the order n and the minimum degree δ. Goddard 

and Henning [7] provided the independent domination num-

bers of paths and cycles. Roongrat Samanmoo et al. [8] pre-

sented the γ independent dominating graphs of all paths and 

all cycles. Nagy [9] studied the existence and the number of 

k-dominating independent sets in certain graph families. 

Laforest et al. [10] presented a new approach to solve the 

minimum independent dominating set problem in general 

graphs which is one of the hardest optimization problem. 

Sikhwal et al. [11] studied the domination numbers of graph 

containing vertex disjoint cycles with some identities of 

domination set and independent set and presented some 

identities related to domination number, upper domination 

number, Independence number and independent domination 

number of graphs containing vertex disjoint cycles. Shaheen 

[12] calculated the independent domination number of the 

Cartesian product of two directed paths Pm and Pn for arbi-

traries m and n and determined the independent domination 

number of the Cartesian product of two directed cycles Cm and 

Cn for m, n ≡ 0 (mod 3) and n ≡ 0 (mod m). Further infor-

mation might be found in the literature [13-18]. 

In this paper we study the domination and independent 

dominating set of some graphs such as Triangular snake graph, 

Bistar graph, Alternate triangular belt graph, line graph and etc. 

2. Preliminary Notes 

Definition 2.1. [19] Bistar graph is the graph obtained by 

joining the root vertices of two copies of star 𝐾1, 

Definition 2.2. Alternate triangular belt graph 

Let Ln=Pn × P2 (n ≥ 2) be the ladder graph with vertex set ui 

and vi, i = 1, 2,..., n. The Alternate Triangular Belt is obtained 

from the ladder by adding the edges u2i+1 v2i+2 for all i = 0, 1, 

2,..., n − 1 and v2i u2i+1 for all i = 1, 2,..., n − 1. This graph is 

denoted by ATB (n). 

Definition 2.3. [20] Line graph is the graph whose vertex 

set is V(G)⋃ E(G) and two vertices are adjacent whenever 

they are either adjacent or incident in G. This graph is denoted 

by T(G). 

Definition 2.4. [21] The jewel graph 𝐽𝑛 is the graph with the 

vertex set (𝐽𝑛) = {𝑢, 𝑣, 𝑥, 𝑦, 𝑢𝑖: 1 ≤ 𝑖 ≤ 𝑛} and the edge set 𝐸 

(𝐽𝑛) = {𝑢𝑥, 𝑢𝑦, 𝑥𝑦, 𝑥𝑣, 𝑦𝑣, 𝑢𝑢𝑖, 𝑣𝑢𝑖: 1 ≤ 𝑖 ≤ 𝑛}. 

3. On Domination Numbers of Some 

Graphs 

The outcomes of the special cases of the triangular snake, 

double triangular snake, and alternate triangular belt are pre-

sented first in this section. 

Theorem (1): ([22]) 

A dominating set D of a graph G is minimal if and only if 

for each vertex  one of the following conditions satis-

fied. 

There exist a vertex u є V-D such that N(u)∩D={V}  

v is an isolated vertex in D. 

Proposition (1): The domination number of Alternate tri-

angular belt graph (ATB(4)) is 2 

(i.e. (ATB(4))=2). 

Proof: Let the vertices of this graph indicated as:  

V(ATB(4))={v1,v2,v3,v4,v5,v6,v7,v8}(See Figure 1) 

 
Figure 1. Ladder graph L3. 

The dominating set in this graph S={v3,v7}was provided by. 

Since the set S only has one vertex and there isn't a suitable 

subset of it, the set's minimality is quite obvious (theorem 

(1)). 

So S is minimum. 

γ(A T B(4))=|S|=2 

Theorem (2): For k ≥4 the domination number of Alternate 

triangular belt graph ATB(n) is [
𝑘

2
]. 

First we give the dominating set of this graph by a set S 

where: 

S1= (vk+3,vk+5,...,v2k+1) where 
𝑛

2
 is odd and k ≥ 2 

S2= (vk, vk+4,vk+6,...,v2k+1) where 
𝑛

2
 is even and k ≥ 3 

For any v є S that is either v in S1 or v in S2 so the proof 
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divided into two cases: 

Case (1): If v є S1 

We have always minimum one vertex of the form 2k not 

dominating with any vertex in 𝑆́ 

So 𝑆́ is not dominating set. 

So chosen S in this way ensures that there is no proper 

subset of S dominating AT B(n). 

Case (2): If v є S2 such that v =(vk+1,vk+4,vk+6,...,v2k+1) that 

mean v≠v1; also we have always minimum one vertex of the 

form 2k not dominating with any vertex in 𝑆́ 

So 𝑆́ is not dominating set. 

Hence S is minimum 

So γ (A T B (n))=|S|= 
𝑘

2
.  

Proposition (2): the domination number of Bistar graph 𝐵3,3 

is 2 

(i.e. (𝐵3,3 )=2). 

Proof: Let the vertices of this graph indicated as: 

V(B3,3)={v1,v2,v3,v4,v5,v6,v7,v8} (See Figure 2)  

 
Figure 2. 𝐵3,3. 

We identified S={v4,v5} as the dominating set of this graph. 

Since the set S only has one vertex and there isn't a suitable 

subset of it, the set's minimality is quite obvious (theorem 

(1)). 

So S is minimum. 

γ (B3,3)=|S|=2 

Lemma (1): For n ≥ 4 the domination number of Bistar 

graph 𝐵n,n is 2 

We have given the dominating set of this graph as follows: 

S=( 
𝑛

2
,

𝑛

2
+ 1)  

 𝑆 = 𝑆 − 𝑣́  

S minimum 

γ(Bn,n)=|S|=2. 

It is very easy to proof the minimality of this set. 

Suppose S is not minimum this implies that there is a proper 

sub set dominating 𝐵n,n. 

If v є S that is either 𝑣 =
𝑛

2
 or 𝑣 =

𝑛

2
+ 1  

If =
𝑛

2
, let 𝑆 = 𝑆 − 𝑣́  we have all the vertices that adjacent 

to v not dominating with the vertex 
𝑛

2
+1=S-v=𝑆́ 

So 𝑆́ is not dominating set. 

Similarly, for v =
𝑛

2
+ 1  

So chosen S in this way ensures that there is no proper 

subset of S dominating 𝐵n,n. 

S minimum  

𝛾(𝐵𝑛,𝑛) = 2  

Independent dominating set of some graphs: 

Theorem 3. Let G is line graph Ln with k blocks and n ver-

tices, then IDS(Ln)= (
𝑛−𝑘

2
)  where k is odd and 

IDS(Ln)=(
𝑛−𝑘−1

2
) where k is even. 

Theorem 4. let G be a crystal planar map Cn with n vertices 

where k blocks, then IDS (G) = 2 

 
Figure 3. Crystal planar map Cn. 

Proof. We label a crystal planar graph G=Cn as shown in 

Figure 3. It is clear that the number of vertices is n=k+3 and k 

is the number of blocks of G. let W ={v1, vn} 

Begin 

d(v1,w)=(0,2) 

for i= 2: n-1 

d(vi, w)=(1,1)  

end 

d(vn, w)=(2,0)  

end 

Theorem 5. let G is triangular snake graph (∆k-snake) with k 

blocks and n vertices, then 𝐼𝐷𝑆(𝐿𝑛) = (
𝑛−𝑘

2
) where k is odd 

and 𝐼𝐷𝑆(𝐿𝑛) = (
𝑛−𝑘−1

2
) where k is even. 

Theorem 6: let G be a k-kite chains graph Kk with k blocks 

and n vertices, the IDS(Kk)=(k+2, k+3,..., n-k-1). 

Theorem 7: let G be a jewel graph Jn with k blocks and n 
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vertices, then IDS (jn)=(v1,v3). 

 
Figure 4. Jewel graph Jn. 

Proof. We label a jewel graph Jn as shown in Figure 4. it is 

clear that the number of vertices is n=k+3 and k is the number 

of blocks of G. Let W ={v1, v3} 

Begin 

j=2 

for i= 1: 3 

d(vi, w)=(i-1,j) 

j=j-1 

end  

for i= 4:n 

d(vi, w)=(1,1) 

end 

end 

Mathematical model of independent dominating set of 

graphs: 

In this section we propose a new mathematical formulation 

for independent dominating set of graphs. Given a simple 

connected undirected graph G= (V, E), where V={1, 2,……, 

n}, let 𝐴 = (𝑎𝑖𝑗)𝑛×𝑛 be the neighborhood matrix such that 

𝑎𝑖𝑗 = 𝑎𝑗𝑖𝑖𝑓 (𝑖, 𝑗) ∈ 𝐸𝑜𝑟 𝑖 = 𝑗, 𝑎𝑛𝑑 𝑎𝑖𝑗 = 𝑎𝑗𝑖 =

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 without loss of generality, we define the edge 

set E as follows: 𝐸 = {(𝑖, 𝑗): 𝑎𝑖𝑗 = 1, ∀𝑖, 𝑗 ∈ 𝑉 𝑤𝑖𝑡ℎ 𝑖 < 𝑗)}  

For i є V, let xi є{0,1} be a decision variable such that xi =1 

if vertex i is included in dominating set; xi = 0 otherwise. 

ILP model of independent dominating set problem can now 

be formulated as: 

min ∑ 𝑥𝑖𝑖∈𝑉              (1) 

s.t 

∑ 𝑎𝑖𝑗𝑥𝑗 ≥ 1𝑠.𝑡
𝑗             (2) 

𝑥𝑖 + 𝑥𝑗 ≥ 1 for each edge {i, j}є E         (3) 

𝑥𝑖 ∈ {0,1}, for each vertex i ∈ V        (4) 

4. Conclusion 

Domination and independent in graphs is a branch of graph 

theory that has received a lot of attention. In this paper, we 

have interested by calculating the domination and independ-

ent dominating set of some graphs such as Triangular snake 

graph, Bistar graph, Alternate triangular belt graph, line graph 

and etc. We proposed a new mathematical formulation for 

independent dominating set of graphs. 

For further work in the future, we plan to compute other 

variants of the domination of several graphs. 

Abbreviations 

γ (G): Domination Number 

G: Graph 

(∆k-snake): Triangular Snake Graph 

Cn: Crystal Planar Map 

𝐵n,n: Bistar Graph 

𝐽n: Jewel Graph 
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